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Abstract
This paper deals with approximation properties of the newly defined q-generalization of the Bala´zs-
Szabados operators in the case q ≥ 1. Quantitative estimates of the convergence and Voronovskaja type
theorem are given. In particular, it is proved that the rate of approximation by the q-Bala´zs-Szabados
(q > 1) is of order q−n versus 1/n for the classical Bala´zs-Szabados (q = 1) operators. The results are
new even for the classical case q = 1.
1 Introduction
The goal of the paper is to define a q-analogue and study approximation properties for the rational complex
Bala´zs-Szabados operators given by
Rn (f ; z) =
1
(1 + anz)
n
n∑
k=0
f
(
k
bn
)(
n
k
)
(anz)
k
,
where an = n
β−1, bn = n
β, 0 < β ≤ 23 , n ∈ N and z ∈ C, z 6= −
1
an
.
In the real form rational operators were introduced and studied in Bala´zs [1] and Bala´zs-Szabados [2].
Totik [7] settled the saturation properties of Rn (f). Further studies on these operators in the case of real
variable can be found in the paper Abel-Della Vecchia [3]. They studied the complete asymptotic expansion
for operators Rn (f) as n → ∞. Approximation properties of the complex Bala´zs-Szabados operators
were studied in Gal [5]. The q-analoque of these operator was given by Dog˘ru who investigated statistical
approximation properties of q-Bala´zs-Szabados operators [4]. The approximation properties of the complex
q-Bala´zs-Szabados operators is studied in [6].
We introduce some notations and definitions of q-calculus, see [9], [?]. Let q > 0. For any n ∈ N ∪ {0},
the q-integer [n]q is defined by
[n]q :=


(1− qn) / (1− q) , q 6= 1
n, q = 1
, [0]q := 0;
and the q-factorial [n]q! by
[n]q! := [1]q [2]q ... [n]q , [0]q! := 1.
For integers 0 ≤ k ≤ n, the q-binomial coefficients are defined by[
n
k
]
q
:=
[n]q!
[k]q! [n− k]q!
.
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For fixed q > 0, q 6= 1, we denote the q-derivative Dqf (z) of f by
Dqf (z) =


f(qz)−f(z)
(q−1)z , z 6= 0,
f ′ (0) , z = 0.
Let us introduce a q-Bala´zs-Szabados operator.
Definition 1 Let q > 0. For f : [0,∞)→ R we define the Bala´zs-Szabados operator based on the q-integers
as follows.
Rn,q (f ;x) =
1
(1 + anx)
n
n∑
k=0
f
(
[k]q
bn
)[
n
k
]
q
(anx)
k
n−k−1∏
s=0
(
1 + (1− q) [s]q anx
)
, (1)
where an = [n]
β−1
q , bn = [n]
β
q , 0 < β ≤
2
3 , n ∈ N and x 6= −
1
an
.
In the case q = 1 these polynomials coincide with the classical ones. For q 6= 1 one gets a new class
of polynomials having interesting properties. It should be mentioned that in the case q ∈ (0, 1] q-Bala´zs-
Szabados operators generate positive linear operators Rn,q : f → Rn,q (f ;x). In the case q > 1 positivity
fails, however, the results of this paper show that in this case approximating properties of q-Bala´zs-Szabados
operators may be better than the case 0 < q ≤ 1.
Throughout this paper, let DR := {z ∈ C : |z| < R} denote the disk of radius R centered at 0. Moreover,
it is assumed that f (z) =
∑∞
m=0
cmz
m, for z ∈ DR.
Assuming f : DR ∪ [R,+∞)→ C and simply replacing x by z in (1) we obtain the complex form of the
q-Bala´zs-Szabados operator:
Rn,q (f ; z) =
1
(1 + anz)
n
n∑
k=0
f
(
[k]q
bn
)[
n
k
]
q
(anz)
k
n−k−1∏
s=0
(
1 + (1− q) [s]q anz
)
,
where again an = [n]
β−1
q , bn = [n]
β
q , 0 < β ≤
2
3 , n ∈ N, z ∈ C and z 6= −
1
an
.
Remark 2 The complex operators Rn,q (f ; z) are well defined and analytic for all n ≥ n0 and |z| ≤ r <
[n0]
1−β
q . Indeed, in this case we easily obtain that z 6= −
1
an
, for all |z| ≤ r < [n0]
1−β
q and n ≥ n0, which
implies that 1/ (1 + anz)
n
is analytic.
Remark 3 There exists a close connection between Rn,q (f ; z) and the complex q-Bernstein polynomials
given by
Bn,q (f ; z) =
n∑
k=0
f
(
[k]q
[n]q
)[
n
k
]
q
zk
n−k−1∏
s=0
(1− qsz) .
Indeed, denoting Fn (z) = f
(
[n]q
bn
z
)
, we easily get
Rn,q (f ; z) = Bn,q
(
Fn;
anz
1 + anz
)
,
valid for all n ≥ n0 and |z| ≤ r < [n0]
1−β
q . This connection will be essential in our reasonings. For monomials
f (z) = em (z) = z
m it can be written as follows:
Rn,q (em; z) = [n]
m(1−β)
q Bn,q
(
em;
anz
1 + anz
)
.
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Remark 4 The lack of positivity makes the investigation of convergence in the case q > 1 essentially
more difficult than for 0 < q < 1. Notice that, the complex q-Bernstein type operators in the case q > 1
systematically are studied in [10], [11], [12], [13], [14], and [15].
Remark 5 Approximation properties of the complex Bala´zs-Szabados operators are studied in [5]. Notice
that unlike to [5] the growth conditions of exponential-type on f is omitted. The only condition imposed to f
is to be uniformly continuous and bounded on [0,+∞) . Therefore our results are new even for the classical
Bala´zs-Szabados operators.
Theorem 6 Let n0 ≥ 2, 0 < β ≤
2
3
. Assume that f : DR ∪ [R,+∞) → C is uniformly continuous and
bounded on [0,+∞), is analytic in DR. Then
|Rn,q (f ; z)− f (z)| ≤
1
[n]
β
q
∑∞
m=2
|cm|m (m− 1)
(
4q2r
)m
+
2r
[n]
1−β
q
∑∞
m=1
|cm| (2r)
m
,
q ≥ 1,
1
2
< r <
R
4q2
≤
1
2
[n0]
1−β
q .
In [7], Totik settled the saturation properties of Rn. Among other things he proved the Voronovskaja-
type result for 0 < β ≤ 12 , β ≥
2
3 . The complete asymptotic expansion for Rn is given by Abel and Della
Vecchia [3].
Next, we study Voronovskaja type formulas of the q-Bala´zs-Szabados operators of a function f analytic
in the disc DR. In order to formulate Voronovskaja type theorem we define the following function
Lβq (f ; z) :=


Dqf (z)− f
′ (z)
q − 1
, if |z| < R/q, R > q > 1, 0 < β < 12 ,
−z2f ′ (z) +
Dqf (z)− f
′ (z)
q − 1
, if |z| < R/q, R > q > 1, β = 12 ,
−z2f ′ (z) , if |z| < R/q, R > q > 1, 12 < β < 1,
(2)
and for q = 1,
Lβq (f ; z) :=


z
2
f ′′ (z) , if |z| < R, 0 < β < 12 ,
−z2f ′ (z) +
z
2
f ′′ (z) , if |z| < R, β = 12 ,
−z2f ′ (z) , if |z| < R, 12 < β < 1.
In the case of complex variable, the qualitativeVoronovskaja-type result for Rn is proved by Gal [5]. Note
that the case β = 12 remained open in [5]. We prove the following quantitative Voronovskaja type theorem
for Rn,q, which covers the case β =
1
2 . Moreover, our results are new for the classical Bala´zs-Szabados
operators (q = 1).
Theorem 7 Let n0 ≥ 2, 0 < β ≤
2
3
. Assume that f : DR ∪ [R,+∞) → C is uniformly continuous and
bounded on [0,+∞), is analytic in DR. Then
(i) For 0 < β < 12 ,
1
2 < r <
R
max (4q, 2q2)
< R ≤ 12 [n0]
1−β
q , |z| ≤ r, we have∣∣∣∣∣Rn,q (f ; z)− f (z)− 1[n]βq
z (Dqf (z)− f
′ (z))
q − 1
∣∣∣∣∣
≤
4
[n]
2β
q
∞∑
m=0
|cm| (m− 2) (4qr)
m−2 +
4
[n]
1−β
q
∞∑
m=0
|cm|m (m− 1) (2q
2r)m+1;
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(ii) For 12 < β ≤
2
3
, 12 < r <
R
4q
< R ≤ 12 [n0]
1−β
q , |z| ≤ r, we have
∣∣∣∣∣Rn,q (f ; z)− f (z) + 1[n]1−βq z
2f ′ (z)
∣∣∣∣∣ ≤ 6[n]βq
∞∑
m=0
|cm|m (m− 1) (4qr)
m;
(iii) For β = 12 ,
1
2 < r <
R
4q2
< R ≤ 12 [n0]
1−β
q , |z| ≤ r, we have
∣∣∣∣∣∣Rn,q (f ; z)− f (z) +
1√
[n]q
z2f ′ (z)−
1√
[n]q
z (Dqf (z)− f
′ (z))
q − 1
∣∣∣∣∣∣
≤
9
[n]q
∞∑
m=0
|cm|m
2 (m− 1)2
(
4q2r
)m
.
By using the above Voronovskaja’s theorem, we will obtain the exact order in approximation by the
complex q-Bala´zs-Szabados operators. In this sense, we present the following results.
Theorem 8 Let n0 ≥ 2, 0 < β ≤
2
3
. Assume that f : DR ∪ [R,+∞) → C is uniformly continuous and
bounded on [0,+∞), is analytic in DR.
(i) If 0 < β < 12 ,
1
2 < r <
R
max (4q, 2q2)
< R ≤ 12 [n0]
1−β
q , and f is not a polynomial of degree ≤ 1 in DR,
then
‖Rn,q (f)− f‖r ∼
1
[n]
β
q
, n ∈ N.
(ii) If 12 < β ≤
2
3
, 12 < r <
R
4q
< R ≤ 12 [n0]
1−β
q , and f is not a constant function in DR, then
‖Rn,q (f)− f‖r ∼
1
[n]
1−β
q
, n ∈ N.
(iii) For β = 12 ,
1
2 < r <
R
4q2
< R ≤ 12 [n0]
1−β
q , and f is not a constant function in DR, then
‖Rn,q (f)− f‖r ∼
1√
[n]q
, n ∈ N.
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